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We have developed a millimeter-scale magnetically driven swimming robot for untethered motion
at mid to low Reynolds numbers. The robot is propelled by continuous undulatory deformation,
which is enabled by the distributed magnetization profile of a flexible sheet. We demonstrate
control of a prototype device and measure deformation and speed as a function of magnetic field
strength and frequency. Experimental results are compared with simple magnetoelastic and fluid
propulsion models. The presented mechanism provides an efficient remote actuation method at the
millimeter scale that may be suitable for further scaling down in size for micro-robotics
C 2014 AIP Publishing LLC.
applications in biotechnology and healthcare. V
[http://dx.doi.org/10.1063/1.4874306]
Untethered mobile micro-robots have the potential to
contribute to radical advances in biomedical engineering and
research due to their ability to operate effectively in small
environments with limited accessibility.1,2 Micron-scale
actuation and control in liquid environments have been
addressed by a number of different methods, including propulsion by swimming microorganisms and contractile
cells;3–6 steering via taxis behaviors of the microorganisms;3,7,8 actuation by chemical reaction9 and on-off control
by pH;10 and integrated actuation and control by remotely
delivered magnetic fields.11–15 Magnetic field propulsion is of
particular importance because it can provide long-range direct
control over both force and torque independently, allowing for
a variety of propulsion techniques to be developed. It has been
shown that the most efficient method to drive a magnetic device at size scales below 1 mm in a liquid medium is to
employ a swimming gait based on magnetic torque actuation
instead of using field gradients to directly pull the device.16
Micro-scale swimmers are subject to a different balance of
fluid forces than their large-scale counterparts, which dictates
the design and propulsion used. The Reynolds number (Re)
gives the ratio of inertial to viscous forces for a given flow condition and is crucial for determining fluid behavior at different
size scales. Robots below the millimeter-scale in liquid environments are generally operating in the low-Re regime with
negligible inertial fluid effects, and thus are subject to restrictions on the kinds of motion that can generate net propulsive
force. In order to move in low-Re, or Stokes flow, the driving
deformation of the device must not be time-symmetric.17 We
can look to microorganisms for examples of beating, rotating,
and waving motions that break time symmetry to allow forward
propulsion. In particular, the undulating waves created on the
surface of ciliates are time-irreversible and provide a net propulsive force. This mechanism has been simply modeled as a
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swimming sheet.17 In this Letter, we construct and analyze
millimeter-scale swimming sheet robots with a continuous
magnetization profile, driven by applied magnetic fields.
Swimming micro-robots have been developed by using
magnetically driven rotating helical tails,14 beating flagellar
motion,11 and, at the centimeter-scale, discretized traveling
waves.13 However, true traveling waves at or under the millimeter scale have not been shown experimentally due to
actuation limitations. Traveling wave undulatory swimming,
analogous to the motion of beating cilia, only requires wave
deformation in two dimensions (2D) and thus is well suited
for a demonstration using soft micro-robotics with programmable magnetic actuation. The fluid dynamics of such swimming patterns have been studied extensively.17–21
This Letter presents a robot that can generate a true
traveling-wave deformation along the length of its body
using a spatially varying magnetization profile when actuated by an external rotating magnetic field. The magnetization profile is given by the vector M(x) which varies
continuously along the length of the device, parameterized
by the variable x. Prototype devices are constructed from the
permanent magnet material neodymium-iron-boron (NdFeB,
density q ¼ 7.6 g/cm3, Magnequench), which has a high saturation magnetization, and platinum-cure silicon rubber
(Ecoflex 0050, density q ¼ 1.07 g/cm3, Young’s modulus
E ¼ 83 kPa). NdFeB particles, ground to a size of approximately 10–50 lm in diameter using a ball mill, were mixed
with the Ecoflex at a mass ratio of 1:1. A sheet is formed by
pressing the mixture of Ecoflex and magnetic particles
between two glass slides during the curing process, yielding
a thickness around 50 lm determined by spacers. The sheet
is easily cut into millimeter-scale strips and the presented prototype has dimensions of 1.9 mm by 5.9 mm. The magnetization procedure is shown in Figs. 1(a)–1(d). The flexible
elastomeric magnetic strip is bent into a circle and placed in a
uniform 1 T magnetic field oriented perpendicular to the
circle’s axis. Once removed from the field and straightened,
this leads to a magnetization profile within the sheet given by
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remagnetized by the actuating field, 1–10 mT, as it is much
lower than the coercivity of the NdFeB (780 mT). The
device we present has a wavelength of 4.0 mm and a measured magnetization magnitude of M ¼ 2.35  103 emu/cm3
(measured in an alternating gradient force magnetometer).
When a magnetic field in the x-y plane, B, is applied, the
milli-robot will experience a magnetic moment along its
width in the z direction, sðxÞ. This moment will vary along
the length of the milli-robot depending on B and the local
direction of M(x). Assuming small deflections, the applied
torque at position x, sðxÞ, is given by
ðx
(2)
sðxÞ ¼ MðxÞ  BAdx:
0

Here, A is the cross-sectional area of the milli-robot and k is
the unit vector in the z-direction. Assuming small deflection,
the milli-robot deformation is found by solving the EulerBernoulli equation to be sinusoidal with amplitude b as
b¼

MAk3
B;
8p3 EI

(3)

where I is the beam’s second moment of inertia.
A magnetic field rotating in the x-y plane will result in a
traveling sinusoidal deformation along the milli-robot length.
The speed of the traveling wave, vw, is the product of k and
the rotation frequency f. Assuming b  k and that the sheet
is inextensible, Taylor’s model17 gives the approximate
swimming speed of the robot as
v¼

FIG. 1. The fabrication, magnetization, and actuation process of a swimmingsheet milli-robot. (a) A flat sheet fabricated from permanent magnetic particles and Ecoflex is (b) bent into a circle and subject to a 1 T uniform
magnetic field. (c) When the field is removed and the robot straightened, it is
left with a magnetization that varies along its length, which (d) causes it to be
deformed when subject to a weak external field. Rotating the external field
continuously in time causes the sheet deformations to travel down its length,
providing a propulsive force in fluid. (e) The magnetic coil system for generating the rotating field.
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MðxÞ ¼ M cos
k
k

(1)

Here, M is the magnetization magnitude, k represents the
wavelength of the sinusoidal deformation, and i and j are the
unit vectors along the x and y axes, respectively. Different
magnetization profiles can be achieved by varying the shape
and size of the strip during the magnetization step. For example, the wavelength of the device in Fig. 1(d) is equal to the
circumference of the circle in Fig. 1(b). After the device is
straightened, it can be deformed (Fig. 1(d)) by a low-strength
uniform magnetic field generated by a magnetic coil system
(Fig. 1(e)). The magnetization profile M(x) will not be

2p2 b2
f:
k

(4)

Taylor’s model provides an approximate solution of the
Stokes equation for an inextensible undulating boundary and
is only truly applicable for Re  1. In our case, the assumptions only weakly holds: the robot has a finite stiffness and is
slightly extensible, at some conditions the deformations are
not negligibly small, and the Reynolds number is of order 1.
Furthermore, boundary effects from nearby container walls
may play a role in the tested swimming conditions. However,
we believe this simple model captures the fundamental dynamics of the system and gives a first order approximation of
the relationship between field strength, field frequency, and
the speed of the milli-robot. It is also relevant to the proposed
scaling down of the presented swimmer.
A traveling transverse wave can be observed in Fig.
2(a), where the milli-robot is actuated by a 2 mT rotating
field with a frequency of 1 Hz. With a continuously propagating wave, the robot can propel itself at a constant speed on
the water surface or underwater near the bottom surface.
When the milli-robot is restricted by surface tension to the
water surface, two-dimensional (2D) control is readily
achievable by changing the rotational axis of the driving
field. As shown in Fig. 2(b), we can drive the robot along the
predefined path “CMU” (see the supplementary video for the
undulatory deformation and path tracking of the robot).
Directional control can also be achieved for underwater
motion, but the additional rotational degree of freedom
makes control more difficult and operator-directed open-loop
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FIG. 2. (a) Propagating wave along the robot, where the dark stripe
(marked by the dashed contour in the first frame) is the side view of the
deformed robot. As the magnetic field B rotates clockwise, the transverse
harmonic deformation wave propagates from the left to the right hand side.
(b) Controlled path following of the robot on the water surface. (Multimedia
view) [URL: http://dx.doi.org/10.1063/1.4874306.1]

control has not been feasible. We believe that a closed-loop
control system could reduce error to an acceptable level.
Robust steering can also be achieved by adding a small magnetization bias to the robot which allows for steering with a
corresponding field bias direction.
To characterize the deformation and swimming mechanism of the robot, we measure the deformation amplitude in
quasi-static state at different applied field magnitudes. The
robot is actuated by a slow rotating field (1 Hz) and its translational motion is restricted by an enclosure slightly larger
than the dimensions of the milli-robot. As shown in Fig. 3,
we find a linear relationship between deformation amplitude
and actuating field strength. The slope of the line is a critical
coefficient representing the magnetic-induced deformation
stiffness of the robot. The measured results show agreement
with the derived deformation model (Eq. (3)). At stronger
actuating fields (>3 mT), we expect a non-linear relationship
to emerge as the small deformation approximation of Eq. (3)
is violated.

FIG. 3. Deformation of the milli-robot versus field magnitude at a rotational
frequency of 1 Hz. The deformation amplitude is half of the peak-to-peak
distance, measured directly from deformation images. The plotted model is
based on Eq. (3).
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We present results for this prototype swimming on the
water surface and underwater near the bottom surface. For
both conditions, we present the milli-robot’s swimming
speed with respect to the frequency and magnitude of the
rotating magnetic field and compare our results with
Taylor’s model, as shown in Fig. 4.
Figs. 4(a) and 4(b) show the swimming speed versus frequency and magnitude on the water surface; Figs. 4(c) and
4(d) are analogous results for underwater near-bottom swimming. The speeds in Figs. 4(a) and 4(c) are measured at fixed
field magnitudes of 2.5 mT and 2.0 mT, respectively. Speeds
in Figs. 4(b) and 4(d) are measured at a constant rotational
frequency of 30 Hz.
In the water surface case, we see an approximately linear relationship between swimming speed and frequency in
both the experimental data and the model results; the disagreement between the slopes is mostly due to the fact that
the sheet is only in contact with water on one side while
Taylor’s model requires the sheet immersed in the fluid. In
the underwater case, there is no strong linear dependence of
the speed on the actuating frequency. The discrepancy is
attributed to wall effects, which are not taken into account in
the fluid propulsion model used here. A full theoretical characterization of the near-wall fluid and contact friction effects
is outside the scope of this study. At smaller field amplitudes,
Taylor’s model predicts the speed of the device along the
surface as magnetic field strength changes, but as the field
magnitude grows, large deformation and saturation of the deformation violate the linear model. Acceptable agreement
between experiment and Taylor’s model is seen in Fig. 4(d);
at stronger actuating fields, a saturation of speed can be
observed due to non-linear deformation behavior.
In summary, we have fabricated a millimeter-scale robot
which emulates the undulatory traveling-wave swimming

FIG. 4. Variation of robot swimming speed with field frequency and
strength. Dependence of swimming speed on (a) field frequency and (b) field
amplitude on water surface. Dependence of swimming speed on (c) field frequency and (d) field amplitude in the underwater case. In (a) and (c), the
robot is actuated by constant field magnitudes of 2.5 mT and 2.0 mT, respectively. The frequency of magnetic field is kept constant in (b) and (d) at
30 Hz. The plotted model is based on Eq. (4).
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observed in certain types of ciliated organisms. Traveling
wave deformation is induced in the robot using a continuous
magnetization profile and a flexible body. The elastomeric
composite robot is magnetized so that in a rotating magnetic
field it deforms in a traveling sinusoidal wave, providing a
net propulsive force at low Reynolds number. The presented
swimmer demonstrates the first distributed magnetization
profile used to induce continuous deformation and actuation
in a low Reynolds number swimmer. We measure the dependence of robot speed on field frequency and strength in
both the surface and underwater swimming cases. We also
use Taylor’s swimming sheet model to provide first-order
relationships between the field strength, field frequency, and
swimming speeds. The swimming speed we demonstrate in
this unoptimized prototype (up to 17 body-lengths per second for our swimmer of length 5.9 mm) is similar to that
exhibited in other artificial12 (magnetic flagella, 20 bodylengths per second) and biological22 (E. coli bacteria, 10
body-lengths per second) micro-swimmers, suggesting that
the method presented may prove viable for wider applications. The actuation principle should allow this type of millirobot to be reduced in size to the micrometer length scale.
Patterned magnetization with micrometer-scale resolution is
used in magnetic data recording,23 and such patterning techniques could be adapted to miniaturize the swimmers demonstrated in this work. With the use of colloidal magnetic
nano-particles,11 there are not expected to be any fundamental limitations on scaling to the single-micron size if appropriate fabrication methods can be achieved. When the
swimmer is scaled down in size, its Re decreases and thus
the analytical swimming model presented in this work will
become even more accurate. Small-scale soft, controllable
robots of this type could have potential applications in medicine, bioengineering, or microfluidic tasks.
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